Published by Institute of Physics Publishing for SISSA Received: March 17, 2005 Accepted: April 7, 2005 Published: April 27, 2005

On nonanticommutative N = 2 sigma-models in two dimensions

Luis Álvarez-Gaumé

Physics Department, Theory Division CERN, CH-1211 Geneva 23, Switzerland E-mail: Luis.Alvarez-Gaume@cern.ch

Miguel A. Vázquez-Mozo

Física Teórica, Universidad de Salamanca Plaza de la Merced s/n, E-37008 Salamanca, Spain, and Instituto Universitario de Física Fundamental y Matemáticas (IUFFyM) Universidad de Salamanca, Salamanca, Spain E-mail: Miguel.Vazquez-Mozo@cern.ch

Abstract: We study nonanticommutative deformations of N = 2 two-dimensional euclidean sigma models. We find that these theories are described by simple deformations of Zumino’s lagrangian and the holomorphic superpotential. Geometrically, this deformation can be interpreted as a fuzziness in target space controlled by the vacuum expectation value of the auxiliary field. In the case of nonanticommutative deformations preserving euclidean invariance, we find that a continuation of the deformed supersymmetry algebra to lorentzian signature leads to a rather intriguing central extension of the ordinary (2,2) superalgebra.

Keywords: Field Theories in Lower Dimensions,Sigma Models,Superspaces,Non-Commutative Geometry.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep042005007.pdf /jhep042005007.pdf

Contents

1. Introduction 1

2. The Weyl map 3

3. Nonanticommutative theories in two dimensions 5 3.1 The deformed superalgebra 5 3.2 Chiral and antichiral superfields 6

4. Two-dimensional Kähler sigma-models 8 4.1 The superpotential 8 4.2 The Kähler potential 11

5. The classical structure of vacua 13

6. Concluding remarks 14

A. Fourier transforms with Grassmann variables 15

B. Some details of the calculation of the deformed lagrangian 17

C. The centrally extended superalgebra 19

1. Introduction

The study of deformations of quantum field theories has been the subject of renewed interest since the realization of its relevance in string theory. A large part of these work has been devoted to noncommutative theories where the commutator of the coordinates gets deformed by a central term. Quantum fields defined on noncommutative spaces present a plethora of unexpected properties [1].

More recently it has been realized that a new class of theories with reduced supersymmetry can be constructed by deforming the anticommutator of the fermionic coordinates in superspace. In ref. [2] N = 1 supersymmetric theories in four dimensions were deformed by

{θ^a, θ^b} = C^{ab} , C^{ab} ∈ C , (1.1)

while all other anticommutators are equal to zero. On general grounds, a Clifford deformation [3] of the Grassmann algebra of fermionic coordinates can only be consistently carried out in euclidean signature where θ^± and θ^± are independent [4]. Eq. (1.1) induces a deformation in the N = 1 supersymmetry algebra such that only one half of the original

– 1 – supercharges remain a symmetry of the deformed theory [2, 5 – 7]. This kind of theories emerge also as an effective low energy description of certain superstring theories in constant graviphoton backgrounds [8]. In this set-up the euclidean signature is forced by the requirement that the background field has vanishing back reaction on the metric.

In the case of the nonanticommutative versions of N = 1 super-Yang-Mills theories and the Wess-Zumino model the deformation results in the addition of a finite number of higher dimensional operators to the undeformed lagrangian [2]. This implies in particular that the deformed theory preserves locality, unlike the case of noncommutative field theories where the lagrangian contains and infinite number of terms with an arbitrary high number of derivatives. This type of theories are surprisingly renormalizable in spite of the presence of nominally higher dimensional terms in the lagrangian [9, 10]. In the case of theories with more supersymmetries the situation is richer. For example, nonanticommutative singlet deformations of four-dimensional N = 2 theories [11] give rise to a non-polynomial deformed superpotential [12]. Instantons in nonanticommutative theories have been also a subject of interest [13].

Two-dimensional supersymmetric sigma models with extended supersymmetry are a particularly interesting class of theories to study nonanticommutative deformations. In [14, 15] the deformation of (2,2) two-dimensional sigma-models was considered and it was found that the deformed lagrangian can be written as an infinite series in det C (see [16] for its four-dimensional analog). Each term, however, contains at most two derivatives, so one may ask whether there is a possibility of rewriting a lagrangian containing a finite number of terms with deformed (field-dependent) couplings.

In this paper we have a closer look at the construction of such nonanticommutative N = 2 sigma-models in two dimensions. In particular we consider a type of nonanticommutative deformation that preserve two-dimensional euclidean invariance. We find that, in this particular case, the supersymmetry algebra is deformed by a central extension depending on the Casimir operator P_+P_− .

Despite the low number of dimensions we work in, and the fact that chirality and charge conjugation are compatible in two-dimensions, it seems not possible to find a “twodimensional loophole” of [8] (specially the last reference) which would have allowed us to work with lorentzian world-sheets. We can, nevertheless, press on and consider the deformed, centrally extended supersymmetry algebra in Minkowski space-time. In this case we have a central extension of the two-dimensional N = 2 supersymmetry algebra with a central extension compatible with Haag-Łopuszański-Sohnius theorem [17], where the central charges depend on kinematical invariants like the mass of the state. The interesting part is that the superalgebra implies a bound for the masses of the states in the theory. We are not aware of any supersymmetric field theory realizing such an algebra, but its existence would be quite interesting since it automatically includes an ultraviolet cutoff.

We also show that the infinite series found in [14, 15] can be resummed in a compact expression which can be written as a the standard Zumino’s lagrangian [18] with deformed Kähler potential and superpotential, plus a finite number of higher dimensional terms with deformed (field-dependent) couplings. Interestingly, the deformation of the Kähler potential K(z, z) and the holomorphic superpotential W(z) has the physical interpretation of a

– 2 – smearing in the holomorphic coordinates of the target manifold φ^i controlled by the auxiliary field F^i. Although we study the case of a particular euclidean-invariant deformation C^{±±} = 0, C^{±∓} = 1/M, the fact that the deformed lagrangian depends on C^{ab} only through det C [14, 15] implies that our results remain valid for other deformation matrices.

The plan of the paper is as follows: in section 2 we briefly review the Weyl map formalism for nonanticommutative theories. Section 3 is devoted to summarizing some general aspects of the deformation of two-dimensional (2,2) supersymmetric theories. Using the formalism of section 2 we calculate in section 3 the deformed superpotential and Kähler potential, and discuss the physical interpretation of the result. Section 4 deals with the discussion of the classical structure of vacua for the deformed theory. Finally in section 5 we summarize our conclusions.

To make the paper more readable some technical details have been postponed to the appendices. In appendix A aspects of Fourier transforms of functions of anticommuting variables are reviewed. Appendix B details some of the calculation of section 3. In appendix C we include a discussion on the representation of the deformed supersymmetry algebra.

2. The Weyl map

Noncommutative field theories can be conveniently formulated using the Weyl map which defines a homomorphism between the noncommutative algebra of functions and an algebra of operators. To begin with let us consider a superspace R^{m|2n} with anticommuting coordinates θ^1, . . . , θ^{2n}. The deformation (3.1) amounts then to deforming the Z_2-graded algebra of functions defined on it. Following the bosonic case the idea is to find a map between this deformed graded algebra of functions and a graded algebra of operators. Consequently, a set of degree one operators ^Q^a (a, b = 1, . . . , 2n) is then introduced satisfying the deformed anticommutation relations { ^Q^a, ^Q^b} = C^{ab} . (2.1)

In terms of them any superspace function f(θ) has associated its Weyl transform (or Weyl symbol) through the definition

^f ≡ (−1)^n � d^{2n}η e^{−η a ^Qa} ~f(η) , (2.2)

where ~f(η) is the Fourier transform of f(θ) (see appendix A for notation and definitions). This definition of the symbol associated to a superspace function f(θ) will be very important in the calculation of the action of the deformed lagrangian in the next section.

The set of Weyl symbols form another Z_2-graded algebra with deg( ^f) = deg(f). Actually, the map (2.2) defines a homomorphism between the two algebras in which the product of two symbols ^f, ^g is associated with the noncommutative product of the corresponding functions ^f ^g = � d^{2n}η e^{−η a ^Qa} ~(f ⋆ g)(η) , (2.3)

– 3 – where the star-product is defined by^1

f(θ) ⋆ g(θ) = f(θ) exp � − 1 2 C^{ab} ←− ∂ ∂θ^a −→ ∂ ∂θ^b � g(θ) . (2.5)

The function-symbol map (2.2) can be also conveniently expressed using an operator ^Ξ(θ) defined by ^Ξ(θ) = (−1)^n � d^{2n}η e^{−η a( ^Qa−θ a)} . (2.6)

A trivial manipulation of (2.2) shows that ^f can be written as the integral

^f = � d^{2n}θ ^Ξ(θ) f(θ) . (2.7)

Using eq. (2.6) it is easy to construct the inverse of the Weyl map by defining a supertrace operation on the algebra of symbols with the following properties

str 1 = 0 , str � ^Q^a1 · · ·^Q^ak � = 0 , k = 1, . . . , 2n − 1 str � ^Q^1 · · ·^Q^{2n} � = 1 . (2.8)

Then, given a symbol ^f the function f(θ) associated with it by the map (2.2) is given by

f(θ) = str � ^f ^Ξ(θ) � . (2.9)

For later use it is interesting to particularize some of the formulae to the case n = 1 with fermionic coordinates θ^± . In this case the symbol ^f associated with the function f(θ^± ) is defined in terms of its Fourier transform ~f(η_± ) as

^f = − � d^2η e^{−(η + ^Q++η− ^Q− )} ~f(η_± ) , (2.10)

whereas the inverse map is constructed as in eq. (2.7) with ^Ξ(θ^± ) given by

^Ξ(θ^± ) = − � d^2η exp � η_+ � ^Q^+ − θ^+ � + η_− � ^Q^− − θ^− � . (2.11)

The Weyl formalism gives automatically a prescription for the definition of functions of the superfields defined on the deformed superspace. Given a function F (Φ) of a superfield Φ(θ) the corresponding operator F ( ^Φ) is defined by

F (^Φ) ≡ ∞� n=0 1 n! F^{(n)}(0)^Φ^n . (2.12)

1We follow the conventions of ref. [2] and define right derivations as

f(θ) ←− ∂ ∂θ^a

= (−1)^{deg(f )} −→ ∂ ∂θ^a f(θ) (2.4)

– 4 –

The deformed function F (Φ)_⋆ is then obtained by applying the inverse Weyl map

F (Φ)_⋆ = str � ^Ξ(θ) F ( ^Φ) � = ∞� n=0 1 n! F^{(n)}(0) Φ(θ)⋆^{(n)}· · · ⋆Φ(θ) . (2.13)

This recovers the usual prescription for the definition of functions of superfields in nonanticommutative superspaces (see, for example, [14, 15]).

3. Nonanticommutative theories in two dimensions

In the following we focus our analysis to the case of two-dimensional (2,2) superspace R^{2|4} with coordinates x^± , θ^± and θ^± . Although the theory is defined in euclidean space we use minkowskian notation throughout and consider the euclidean invariant deformation

{θ^+, θ^− } = 1 M , (θ^± )^2 = 0 , (3.1)

with M ∈ R the characteristic energy scale of the deformation and all the anticommutators of antiholomorphic coordinates unchanged. Since we are working in euclidean space, it is very important to keep in mind that bars do not denote complex conjugation, θ^± ≠ (θ^± )^∗. This theory can be obtained by dimensional reduction from the corresponding N = 1/2 theory in four dimensions [15] by taking C^{11} = C^{22} = 0, C^{12} = C^{21} = 1/M.

3.1 The deformed superalgebra

In order to make the chiral structure of the theory explicit it is convenient to introduce chiral coordinates y^± given by

y^± = x^± − iθ^± θ^± , (3.2)

which satisfy [y^+, y^− ] = 0 provided that

[x^± , θ^∓ ] = − i M θ^± , [x^+, x^− ] = 1 M θ^+θ^− , (3.3)

with all other commutators involving x^± equal to zero. Conditions (3.3) also imply that y^± commute with the holomorphic fermionic coordinates θ^± . This fact is actually crucial to apply the formalism of the previous section, since it allows to consider y^± as spectator coordinates in the Weyl map.

In terms of y^± the supercovariant derivatives are defined in the usual way [2, 15]

D_± = ∂ ∂θ^±

− 2iθ^± ∂ ∂y^±

, D_± = − ∂ ∂θ^±

, (3.4)

and similarly for the supercharges Q_± , Q_±

Q_± = ∂ ∂θ^±

, Q_± = − ∂ ∂θ^±

− 2iθ^± ∂ ∂y^±

. (3.5)

– 5 –

The deformation (3.1) implies that the algebra of supercharges and supercovariant derivatives remain unchanged except for the only anticommutator

{Q_+, Q_− } = − 4 M ∂^2 ∂y^+∂y^−

. (3.6)

As a result the original (2,2) supersymmetry is broken down to the supersymmetries generated by Q_± [2].

It is rather remarkable that, when expressed in momentum space, the particular deformation of the algebra (3.6) can be written as

{Q_+, Q_− } = 4 M P_+P_− . (3.7)

Actually, P_+P_− is a Casimir operator of the two-dimensional euclidean group and therefore the deformed algebra is a central extension of the (2,2) superalgebra. It is important to stress that this central extension (3.7) only arises for the deformation (3.1) that preserves euclidean invariance. Similarly, in dimensions higher than two any non-vanishing C^{ab} breaks the full euclidean invariance of the theory. As a consequence the deformation of the supersymmetry algebra is not a central extension, unlike the case studied here.

Although we are forced to work in euclidean space, it is interesting to look at the central extension (3.7) from a minkowskian point of view. In principle, such a central extension of the two-dimensional (2,2) supersymmetry algebra is allowed by the Haag-Łopuszański- Sohnius theorem [17]. Interestingly, following the arguments of ref. [19] shows that such a central extension implies an upper bound in the spectrum of eigenvalues of the mass of the states, given by the Casimir operator P_+P_− . This bound is determined by the energy scale of the deformation M,

P_+P_− ≤

M^2 4 . (3.8)

In appendix C we have given a detailed calculation leading to this result. It is still to be seen, however, whether this deformed algebra can be somehow realized in a Quantum Field Theory in Minkowski space-time.

3.2 Chiral and antichiral superfields To fix notation, in the following we will outline the construction of chiral and antichiral superfields done in refs. [2, 14, 15]. Because of the nonanticommutativity of the fermionic coordinates θ^± , an ordering prescription is required in the definition and multiplication of superfields. Weyl (symmetric) ordering is implemented by introducing the nonanticommutative star-product of eq. (2.5) [2], which for the particular deformation (3.1) reads

f(θ^± ) ⋆ g(θ^± ) = f(θ^± ) exp � �− 1 2M � � ←− ∂ ∂θ^+ −→ ∂ ∂θ^− + ←− ∂ ∂θ^− −→ ∂ ∂θ^+ � � � � g(θ^± ) (3.9)

= fg − 1 2M � ∂f ∂θ^+ ∂g ∂θ^− + ∂f ∂θ^− ∂g ∂θ^+ � + 1 4M^2 � ∂^2f ∂θ^+∂θ^− � � ∂^2g ∂θ^+∂θ^− � , for any two functions f(θ^± ), g(θ^± ) of degree zero. The difference between the star-product and the ordinary product is a total derivative in θ^± .

– 6 –

Given that D_± , D_± anticommute with one another, chiral and antichiral superfields can be defined in the usual way by^2

D_± Φ = 0 (chiral) , D_± Φ = 0 (antichiral) . (3.10)

The constraint for chiral superfields can be easily solved in terms of y^± as

Φ(y^± , θ^± ) = φ(y^± ) + θ^+ψ_+(y^± ) + θ^− ψ_− (y^± ) + θ^+θ^− F (y^± ) . (3.11)

This expression is automatically Weyl ordered, since θ^+θ^− =^1_2 (θ^+θ^− − θ^− θ^+).

Similarly, antichiral superfields Φ are functions only of θ^± and the antichiral coordinates

y^± = y^± + 2iθ^± θ^± . (3.12)

Using eq. (3.3) one sees that the y^± do not commute among themselves or with θ^± . However the component fields can be expanded around the commuting coordinates y^± . As we will see below, it is convenient to write the antichiral superfield Φ as a (0,2) superfield whose component fields are themselves (2,0) superfields [2, 14, 15]:

Φ(y^± , θ^± ) = φ(y^± ) + θ^+ψ_+(y^± ) + θ^− ψ_− (y^± ) + θ^+θ^− F (y^± ) (3.13) = φ(y^± ) + θ^+ � ψ_+(y^± ) − 2iθ^+∂_+φ(y^± ) � + θ^− � ψ_− (y^± ) − 2iθ^− ∂_− φ(y^± ) � + +θ^+θ^− � F (y^± ) + 2iθ^+∂_+ψ_− (y^± ) − 2iθ^− ∂_− ψ_+(y^± ) + 4θ^+θ^− ∂_+∂_− φ(y^± ) � . Here and in the following ∂_± indicates derivatives with respect to y^± . To simplify the notation, from now on we will not indicate explicitly the dependence of the superfields on the chiral coordinates y^± whenever there is no risk of ambiguity.

The unbroken supersymmetries generated by Q_± act by shifting the holomorphic fermionic coordinates, θ^± → θ^± + ε^± at fixed y^± and θ^± . The transformation of the component of a chiral superfield under ε^+Q_+ + ε^− Q_− are given then by

δφ = ε^+ψ_+ + ε^− ψ_− , δψ_+ = ε^− F , δψ_− = −ε^+F , δF = 0 , (3.14)

while for the components of the antichiral multiplet one finds

δφ = 0 , δψ_+ = −2iε^+∂_+φ , δψ_− = −2iε^− ∂_− φ , δF = 2iε^+∂_+ψ_− − 2iε^− ∂_− ψ_+ . (3.15)

2Twisted chiral or antichiral superfields can also be defined [15]. Here, however, we only deal with chiral and antichiral fields.

– 7 –

4. Two-dimensional Kähler sigma-models

In [14, 15] an explicit construction of the nonanticommutative deformation of twodimensional supersymmetric theories was given. The resulting lagrangian can be written as an infinite series in (det C)^12 F^i, where F^i is the highest component of the chiral superfield. In the following we will show how this series can be resummed giving rise to expressions making the physical interpretation more accessible.

The subject of our study here is the nonanticommutative deformation (3.1) of the (2,2) Kähler sigma-model in euclidean space described by the lagrangian L = � d^2θ d^2θ K(Φ^i, Φ^ı) + � d^2θ W(Φ^i) + � d^2θ W(Φ^ı) , (4.1)

where Φ^i, Φ^ı (i, ı = 1, . . . , N) are respectively a set of chiral and antichiral superfields. We remind the reader once more that, since we work in euclidean space, overlines should not be interpreted as complex conjugation. In order to construct the deformed lagrangian we use the prescription given in section 2 to define functions of the superfields.

4.1 The superpotential

We start with the holomorphic superpotential. Beginning with the following function of the Weyl symbol ^Φ

W(^Φ) = ∞� n=0 1 n! ∂_{i1} · · · ∂_{in} W(0)^Φ^{i1} · · ·^Φ^{in} , (4.2)

and applying the inverse Weyl map we can compute the deformed superpotential. Therefore our first task is to compute the monomial

^Φ^i1 · · ·^Φ^in = (−1)^n � d^2η_1 · · · � d^2η_n ~Φ^{i1} (η_1) · · ·~Φ^{in} (η_n) exp � − �_n � k=1 η_{k,a} � ^Q^a � ×

× exp � �1 2 n� k<j ⟨η_k, η_j ⟩ � � , (4.3)

where we have defined

⟨η_i, η_j ⟩ ≡ C^{ab}η_{i,a}η_{j,b} = 1 M (η_{i,+}η_{j,−} + η_{i,−} η_{j,+}) . (4.4)

Replacing η_n by a the new coordinate ζ_a =

�_n

i=1 η_{i,a}, eq. (4.3) can be rewritten as

^Φ^i1 · · ·^Φ^in = (−1)^n � d^2ζ e^{−ζ a ^Qa} � d^2η_1 · · · � d^2η_{n−1} ~Φ^{i1} (η_1) · · ·~Φ^{in} � ζ − n−1� i=1 η_i � ×

× exp � �1 2 n−1� k<j ⟨η_k, η_j ⟩ � � exp � − 1 2 n−1� i=1 ⟨ζ, η_i⟩ � . (4.5)

– 8 –

Finally, from this expression and using (2.3) we get ~ (Φ^{i1} ⋆ · · · ⋆ Φ^{in} )(ζ) = (−1)^{n−1} � d^2η_1 · · · � d^2η_{n−1} ~Φ^{i1} (η_1) · · ·~Φ^{in} � ζ − n−1� i=1 η_i � ×

× exp � �1 2 n−1� k<j ⟨η_k, η_j ⟩ � � exp � − 1 2 n−1� i=1 ⟨ζ, η_i⟩ � . (4.6)

In order to compute the contribution of the holomorphic superpotential to the lagrangian we need to keep only the highest component of Φ^{i1} (θ) ⋆ · · · ⋆ Φ^{in} (θ). Using the identity (A.9) this is just given by

Φ^{i1} (θ) ⋆ · · · ⋆ Φ^{in} (θ) � �_{θ+θ−} = ~

(Φ^{i1} ⋆ · · · ⋆ Φ^{in} )(ζ) � �_{ζ± =0} (4.7)

= (−1)^{n−1} � d^2η_1 · · · � d^2η_{n−1} ~Φ^{i1} (η_1) · · ·~Φ^{in} � − n−1� i=1 η_i � ×

× exp � �1 2 n−1� k<j ⟨η_k, η_j ⟩ � � ,

where the Fourier transforms ~Φ^i(η) are expressed in terms of the components of the chiral superfield Φ^i(θ) by (see appendix A)

~Φ^i(η) = F^i + η_+ψ^i_− − η_− ψ^i_+ − η_+η_− φ^i . (4.8)

The calculation of the integral in eq. (4.7) is lengthy but straightforward. In particular, from eq. (4.2) we see that only the part symmetric in the indices {i_1, . . . , i_n} contributes. Keeping this in mind we find the result (see appendix B for details)

Φ^{i1} (θ) ⋆ · · · ⋆ Φ^{in} (θ) � � θ^+θ^− = n� k=1 F^{ik} ∂ ∂φ^{ik}

� 1_2

−^1_2 dξ � φ^{i1} + ξ M F^{i1} � · · · � φ^{in} + ξ M F^{in} � −(4.9)

− n� k<ℓ � ψ^{ik}_+ ψ^{iℓ}_− − ψ^{ik}_− ψ^{iℓ}_+

� ∂2

∂φ^{ik} ∂φ^{iℓ} ×

× � 1_2

−^1_2 dξ � φ^{i1} + ξ M F^{i1} � · · · � φ^{in} + ξ M F^{in} � . Plugging this into the series expansion of the superpotential leads to the surprisingly simple result � d^2θ W(Φ) = F^i∂_iW_0(φ, F ) − ψ^i_+ψ^j_− ∂_i∂_j W_0(φ, F ) , (4.10)

where we have used the notation

W_0(φ, F ) =

� 1_2

−^1_2

dξ W � φ^i + ξ M F^i � . (4.11)

– 9 –

The effect of the deformation on the holomorphic superpotential amounts then to an averaging of the value of W around φ^i on a scale set by F^i/M. Nonanticommutativity induces then a certain fuzziness controlled by the auxiliary field.

A similar analysis can be carried out for the antiholomorphic superpotential. Since the anticommutation relations of the coordinates θ^± are not deformed we will perform the Weyl map only with respect to the holomorphic coordinates θ^± . This means that the symbols ^Φ̄^ı associated with the antichiral superfields are themselves (1,1) superfields with respect to the broken supersymmetries Q_±

^Φ̄ ı = ^σ̄ ı + θ^+^λ̄_+ı + θ^− ^λ̄_−ı + θ^+θ^− ^K̄ ı , (4.12)

where ^σ̄, ^λ̄_− and ^K̄ are the symbols associated with the corresponding (2,0) superfields inside of eq. (3.13)

σ^ı = φ^ı , λ_±^ı = ψ_±^ı − 2iθ^± ∂_± φ^ı , K^ı = F^ı + 2iθ^+∂_+ψ_−^ı + 2iθ^− ∂_− ψ_+^ı + 4θ^+θ^− ∂_+∂_− φ^ı . (4.13)

Notice that since σ^ı is independent of θ^± its symbol is just the c-number φ^ı itself.

The antiholomorphic superpotential is given by the expansion

W(^Φ̄) = ∞� n=0 1 n! ∂_{ı1} · · · ∂_{ın} W(0)^Φ̄^{ı1} · · ·^Φ̄^{ın} . (4.14)

Here, however, only the part proportional to θ^+θ^− contributes to the lagrangian. Therefore the only relevant terms in eq. (4.14) are the ones of the form

^K̄ ı1 ^σ̄ ı2 · · ·^σ̄ ın , ^λ̄_+ı1 ^λ̄_−ı2 ^σ̄ ı3 · · ·^σ̄ ın (4.15)

and permutations. We can proceed then as in the holomorphic case by identifying the corresponding Fourier transforms. Unlike the calculation of the holomorphic part, here we are interested in the lowest component in θ^+θ^− . From eq. (A.8) we see that the relevant terms are the symmetric parts of − ~ � K̄ ı1 ⋆σ̄ ı2 ⋆ · · · ⋆σ̄ın � (ζ) � �_{ζ+ζ−} , − ~ � λ̄_+ı1 ⋆ λ̄_−ı2 ⋆σ̄ ı3 ⋆ · · · ⋆σ̄ın � (ζ) � �_{ζ+ζ−} .

Proceedings in this way we find

Φ^{ı1} ⋆ · · · ⋆ Φ^{ın} � � θ^+θ^− ,sym = n� k=1 F^{ık} ∂ ∂φ^{ık}

(φ^{ı1} · · · φ^{ın} ) −

− n� k<ℓ � ψ_+^{ık} ψ_−^{ıℓ} − ψ_−^{ık} ψ_+^{ıℓ}

� ∂^2 ∂φ^{ık} ∂φ^{ıℓ} � φ^{ı1} · · · φ^{ın} � . (4.16)

The first interesting thing is that all dependence in the deformation scale disappears. Actually all terms depending on M disappear after symmetrization. Therefore the anti-

– 10 – holomorphic superpotential does not suffer any deformation and we retrieve the standard expression � d^2θ W(Φ) = F^ı ∂_ı W(φ) − ψ^ı_+ ψ^ȷ_− ∂_ı ∂_ȷ W(φ) . (4.17)

Equations (4.10) and (4.17) show that the noncommutative deformation only affects the holomorphic part of the superpotential [2]. It is quite remarkable, however, that the particular deformation suffered by the holomorphic superpotential has a clear geometric interpretation as smearing in the target space coordinates.

4.2 The Kähler potential After the analysis of the superpotential we turn our attention to the deformation of the Kähler potential. Using eqs. (2.2) and (2.3) we construct the corresponding Kähler function K(^Φ, ^Φ̄) for the symbols ^Φ^i, ^Φ̄^ȷ as

K(^Φ, ^Φ̄) = ∞� n,m=0 1 (n + m)!

∂_{i1} · · · ∂_{in} ∂_{ȷ1} · · · ∂_{ȷm} K(0, 0) ^Φ^{(i1} · · ·^Φ^{in} ^Φ̄^{ȷ1} · · ·^Φ̄^{ȷm)} , (4.18)

where we have to consider all the possible permutations of ^Φ^i’s and ^Φ̄^ı ’s. As in the case of our discussion of the antiholomorphic superpotential, the fact that only θ^+θ^− contributes to the lagrangian implies that in computing the different monomials in eq. (4.18) the only terms that we have to take into consideration are the ones of the form ^Φ^i1 · · ·^Φ^in ^K̄^ı1 ^σ̄^ı2 · · ·^σ̄^ım , ^Φ^i1 · · ·^Φ^in ^λ̄_+^ı1 ^λ̄_−^ı2 ^σ̄^ı3 · · ·^σ̄^ım (4.19)

in all possible orderings. The calculation of the lagrangian can now be carried out using the same techniques used to evaluate the superpotential (see appendix B). First the Fourier transform of the corresponding monomials is evaluated. The term contributing to the lagrangian corresponds then to the lowest component of the Fourier transform, according to eq. (A.9). At the end, the resulting lagrangian can be written � d^2θ d^2θ K(Φ, Φ) = L_0 + L_1 , (4.20)

where

L_0 = 4 ∂_ȷ K_0(φ, F, φ) ∂_+∂_− φ^ȷ + ∂_i ∂_ȷ K_0(φ, F, φ) � 2iψ^i_+ ∂_− ψ_−^ȷ + 2iψ^i_− ∂_+ ψ_−^ȷ + F^i F^ȷ � + +4 ∂_ȷ ∂_ℓ K_0(φ, F, φ) ∂_+φ^ȷ ∂_− φ^ℓ − ∂_i ∂_k ∂_ȷ K_0(φ, F, φ) ψ^i_+ ψ^k_− F^ȷ +

+∂_i ∂_ȷ ∂_ℓ K_0(φ, F, φ) � 2i ψ^i_+ ψ_+^ȷ ∂_− φ^ℓ + 2i ψ^i_− ψ_−^ȷ ∂_+φ^ℓ − F^i ψ_+^ȷ ψ_−^ℓ � + +∂_i ∂_k ∂_ȷ ∂_ℓ K_0(φ, F, φ) ψ^i_+ ψ^k_− ψ_+^ȷ ψ_−^ℓ , (4.21) and L_1 = 4 M ∂_i ∂_ȷ K_1(φ, F, φ) F^i ∂_+∂_− φ^ȷ − 4 M ∂_i∂_k ∂_ȷ K_1(φ, F, φ) ψ^i_+ ψ^k_− ∂_+∂_− φ^ȷ + (4.22) + 4 M ∂_i ∂_ȷ ∂_ℓK_1(φ, F, φ) F^i ∂_+φ^ȷ∂_− φ^ℓ − 4 M ∂_i ∂_k ∂_ȷ ∂_ℓ K_1(φ, F, φ) ψ^i_+ ψ^k_− ∂_+φ^ȷ∂_− φ^ℓ .

– 11 –

Here we have used a similar notation to the one used in the expression of the superpotential and defined

K_m(φ, F, φ) =

� 1_2

−^1_2

ξ^m dξ K � φ + ξ M F, φ � . (4.23)

Here, as in the case of the holomorphic superpotential (4.10), ∂_i, ∂_ȷ are understood as derivative with respect to φ^i and φ^ȷ respectively.

Thus, we have found that the infinite series in [15] for the Kähler potential of the nonanticommutative (2,2) sigma-model can be nicely resummed. Actually, we find that the resulting lagrangian can be divided in two parts. The first one, L_0 is identical, up to total derivatives, to the standard (2,2) lagrangian [18] with the only replacement of the Kähler potential K(φ, φ) by the smeared function K_0(φ, F, φ). This is exactly the same smearing found in the holomorphic superpotential. On the other hand L_1 contains a number of dimension 3 operators multiplying what one might call the first moment of the smeared Kähler potential, K_1(φ, F, φ).

One can easily check that the lagrangian is invariant under the supersymmetry transformations (3.14)-(3.15) generated by Q_± . Remarkably, L_0 and L_1 are independently invariant under the residual supersymmetry.^3 Therefore the Q_± supersymmetries do not act irreducibly on the lagrangian obtained using the standard prescription to implement the nonanticommutative deformation. On the other hand under a Kähler transformation K → K + f(φ) + f(φ) the lagrangian transforms by a total derivative

L −→ L + 4∂_+ � ∂_ȷ f(φ) ∂_− φ^ȷ � . (4.24)

Notice that this total derivative only involves antiholomorphic fields and therefore is insensitive to the deformation.

We should point out that the full lagrangian L_0 + L_1 can be written solely in terms of the function K_0(φ, F, φ) due to the identity 1 M ∂_iK_m(φ, F, φ) = ∂ ∂F^i

K_{m−1} (φ, F, φ) , (4.25)

at the price, however, of introducing derivatives of the deformed Kähler potential with respect to the auxiliary field. Since all dependence of K_0(φ, F, φ) on F^i disappears when M → ∞, only L_0 survives in the anticommutative limit, with K_0(φ, F, φ) replaced by the undeformed Kähler potential K(φ, φ). In this way the standard Kähler sigma model is retrieved [18].

As advertised in the Introduction, the naïve generalization of Zumino’s lagrangian (4.21) is invariant with respect to the residual supersymmetry and also compatible with the deformed superspace structure. This robustness was not expected from the start and it is surprising that after all the dust settles we end up with a well-known lagrangian. However, a number of questions arise. A first one is how the usual Ricci-flat condition for the vanishing of the beta-function [20] changes. Also, the structure of the sigma-model instantons is likely to be modified, for example in the case of the CP^1 model.

3Actually, the first and second term in eq. (4.21) are together invariant under Q± , as well as the third and fourth terms combined.

– 12 –

5. The classical structure of vacua

In the undeformed case, the analysis of the (traslationally invariant) vacuum structure of the theory begins with the study of the effective potential for the scalar fields V (ϕ)_{eff} . Its critical points describe then the possible vacua of the theory. Hermiticity of the original theory guarantees that the potential obtained is positive definite, so that the vanishing of V (ϕ)_{eff} implies the existence of a supersymmetric vacuum. In the cases of interest for our analysis the order parameter is the vacuum expectation value of the auxiliary field F^i.

However, once hermiticity is lost it is difficult to obtain general properties. Let us illustrate the point with a few examples. In the first one we start with a generic superpotential W(Φ) and a rather simple Kähler potential

K(Φ, Φ) = δ_{iȷ}Φ^iΦ^ȷ . (5.1)

This Kähler potential does not receive any deformation so the kinetic terms of all component fields of Φ^i are the standard ones. Hence, the only bosonic terms without space-time derivatives in the lagrangian are

δ_{iȷ}F^iF^ȷ + F^i∂_iW_0(φ, F ) + F^ȷ∂_ȷW(φ) , (5.2)

with W_0(φ, F ) given by eq. (4.11). Varying with respect to F^ı we obtain

F^i + δ^{iȷ} ∂_ȷW(φ) = 0 , (5.3)

and substituting F^i in eq. (5.2), as given by the last equation, we find (cf. [23])

V (φ, φ)_{eff} = ∂_ȷ W(φ) δ^{iȷ} ∂_i W_0 � φ, − 1 M ∂ W � . (5.4)

It is straightforward to check that in the anticommutative limit M → ∞ the standard result is recovered.

It is clear from (5.4) that if there are values of ⟨φ^ȷ⟩ solving eq. (5.3) for which ⟨F^i⟩ = 0 then eq. (5.4) receives no deformation and the vacuum of the theory will be the same as for the undeformed theory. However, the effective potential (5.4) for the scalars is not positive definite. In fact it is complex and its real part does not seem to have any positivity property in general. The analysis of the behavior of the theory at the critical point should be carried out using a saddle point analysis. Since we are working in euclidean space, it is not clear what this means for the realization of N = 1/2 supersymmetry.

The second example we want to consider here involves a non-trivial Kähler potential which receives a deformation. We have seen that the full lagrangian obtained using the standard prescription to implement the nonanticommutative deformation is not irreducible, and that a simple deformation of Zumino’s lagrangian [18] as in eq. (4.21) is also invariant under the N = 1/2 supersymmetry transformations (3.14) and (3.15). If we are interested

– 13 – in translationally invariant ground states (or critical points) the additional terms (4.22) do not play any rôle. In this case the changes on the previous analysis to include a non-trivial Kähler potential are straightforward. If we drop in the lagrangian all derivative terms^4 we obtain

L = G_{iȷ}(φ, F, φ)F^iF^ȷ + F^i∂_iW_0(φ, F ) + F^ȷ ∂_ȷW(φ) , (5.5)

where, according to (4.21),

G_{iȷ}(φ, F, φ) = ∂_i∂_ȷK_0(φ, F, φ) (5.6)

is the deformed Kähler metric. Varying with respect to F^ȷ we obtain

G_{iȷ}(φ, F, φ)F^i + ∂_ȷW(φ) = 0 . (5.7)

In principle, it would be possible to solve this equation for F^i and substituting in the lagrangian we would obtain the effective scalar potential

V (φ, φ)_{eff} = G^{iȷ} � φ, F (φ, φ), φ � ∂_iW_0 � φ, F (φ, φ) � ∂_ȷW(φ) , (5.8)

with F^i(φ) solving eq. (5.7). However, this is not a very illuminating expression, since getting solving for F^i in (5.7) is in general complicated. Once again (5.8) is complex. It would be interesting to analyze in more detail the behavior of the scalar theory close to its critical points in some examples. We will come back to this issue in the future.

6. Concluding remarks

We have seen that nonanticommutative two-dimensional sigma models admit a closed form in which the deformation affects the Kähler potential and the superpotential. Physically, this deformation corresponds to a smearing of the target space holomorphic coordinates. According to this, the holomorphic superpotential is obtained by averaging its undeformed value between φ^i − F^i/(2M) and φ^i + F^i/(2M) as shown in eq. (4.11). It is important to stress that although we have derived this relation in two dimensions a similar expression would hold also for the superpotential of the four-dimensional N = 1/2 Wess-Zumino model. The expressions for the scalar potential found in refs. [10, 23] can be actually retrieved using the identity F^i M ∂_iW_0(φ, F ) = W � φ + F 2M � − W � φ − F 2M � . (6.1)

In the case of the deformation of the kinetic part of the sigma-model action we found that it consists of two parts. The first one is just the usual Kähler action form with the Kähler potential deformed to^5

K_0(φ, F, φ) =

� 1_2

−^1_2

dξ K � φ + ξ M F, φ � . (6.2)

4We have not analyzed here “stripped” states [21] although they are very likely to appear in this context. In the following paragraphs we consider only space-time independent vacuum expectation values.

5We consider the undeformed Zumino’s lagrangian with a kinetic term for the scalar fields of the form ∂_ıK(φ, φ)∂+∂− φ^ı, which differs from the lagrangian appearing in ref. [18] by a total derivative.

– 14 –

Together with this, there is a second term which contains higher dimensional operators suppressed by 1/M and with couplings governed by the function

K_1(φ, F, φ) =

� 1_2

−^1_2

ξdξ K � φ + ξ M F, φ � . (6.3)

It is quite remarkable that our construction allows us to write the action as a term which corresponds to the usual (2,2) action with a deformed Kähler potential K_0(φ, F, φ) together a few higher dimensional terms. When written in the form (4.21) it is obvious that F^i remains a non-propagating field, in spite of its now more complicated couplings. Of course the action L_0 + L_1 can be written, modulo total derivatives, in the canonical form with a kinetic term for the scalars of the form ∂_i∂_ȷK_0(φ, F, φ)(∂_+φ^i∂_− φ^ȷ + ∂_− φ^i∂_+φ^ȷ). However, due to the extra dependence of K_0(φ, F, φ) there will be new terms in L_1 containing one derivative of the auxiliary field ∂_± F^i.

As we pointed out, the (2,2) nonanticommutative sigma model can be obtained from the corresponding N = 1/2 four-dimensional theory. Then from the analysis of ref. [2] it follows that an antichiral ring is preserved.

Hence, in this article we have shown that the N = 2 nonanticommutative sigmamodels, in spite of the algebraic complications, can be written as a generalization of Zumino’s lagrangian [18]. A number of issues, however, remain to be addressed. A first one concerns the quantum structure of the theory and, in particular, the conditions for the vanishing of the beta-function at one-loop. In the undeformed case the beta-function vanish at one loop provided the target space manifold is Ricci flat [20]. It will be interesting to understand how this condition is changed in the nonanticommutative case where, as we have seen above, the two-dimensional deformation induces a fuzziness in the target manifold.

Since nonanticommutative theories are naturally defined in euclidean space, a second question that can be addressed is about the analog of two-dimensional instantons in the deformed sigma model. Actually, concerning the euclidean character of the theory it would be interesting to see whether there is any way to overcome the constraints of ref. [8] to define models in lorentzian space-time (see [22] for some analysis in this direction). This is specially interesting in order to see if the centrally extended superalgebra (3.7) can play any rôle in lorentzian Quantum Field Theory.

Acknowledgments

We thank José Barbón, Costas Kounnas, Kerstin Kunze and Juan Mañes for useful discussions. M.A.V.-M. thanks CERN Theory Division for hospitality. The work of M.A.V.-M. has been partially supported by Spanish Science Ministry Grants FPA 2002-02037 and BFM2003-02121.

A. Fourier transforms with Grassmann variables

In this appendix we summarize some basic results of the theory of Fourier transforms for anticommuting variables. Given a function f(θ) depending on 2n anticommuting variables

– 15 – θ^1, . . . , θ^{2n}, its Fourier transform is defined as

~f(η) = � d^{2n}θ e^{ηaθa} f(θ) , (A.1)

where the phase of the integration measure is fixed by requiring � d^{2n}θ θ^1 · · · θ^{2n} = 1 . (A.2)

Using that δ^{(2n)}(θ) = θ^1 · · · θ^{2n} it is easily proved that the inverse Fourier transform is given by

f(θ) = (−1)^n � d^{2n}η e^{−η aθa} ~f(η) , (A.3)

and the delta function can be represented as

δ^{(2n)}(θ) = (−1)^n � d^{2n}η e^{ηaθa} . (A.4)

Let us analyze now the case of two-dimensional superspace with coordinates y^± , θ^± . The definition of the Fourier transform simplifies to

~f(η_± ) = � d^2θ e^{η+θ++η− θ−} f(θ^± ) , (A.5)

while the inversion formula is

f(θ) = − � d^2η e^{−(η +θ++η− θ− )} ~f(η_± ) . (A.6)

Given a general function in superspace it can be decomposed as

f(y^± , θ^± ) = f_0(y^± ) + θ^+f_+(y^± ) + θ^− f_− (y^± ) + θ^+θ^− f_1(y^± ) . (A.7)

By applying now the definition (A.1) one finds that its Fourier transform ~f(y^± , η_± ) with respect to the anticommuting coordinates is given by

~f(y^± , η_± ) = f_1(y^± ) + η_+f_− (y^± ) − η_− f_+(y^± ) − η_+η_− f_0(y^± ) . (A.8)

That is, upon Fourier transformation with respect to the fermionic coordinates the components of a (2,2) superfield reshuffle. In particular, the highest and lowest components interchange, which implies the useful identities

f(y^± , θ^± ) � �_{θ+θ−} = ~f(y^± , η± ) � �_{η± =0} ,

f(y^± , θ^± ) � �_{θ± =0} = − ~f(y^± , η± ) � �_{η+η−} . (A.9)

– 16 –

B. Some details of the calculation of the deformed lagrangian

Here we outline part of the calculations of section 4 leading to the lagrangian of the deformed (2,2) sigma-model. In order to compute the relevant fermionic integrals we are going to forget about the target space indices and use the simplified notation

φ^{(k)} ≡ φ^{ik} , ψ^{(k)}_± ≡ ψ^{ik}_± , F^{(k)} ≡ F^{ik} . (B.1)

Therefore the Fourier transform of the chiral superfield Φ̃^{ik} can be written as ~Φ^ik ≡ ~Φ^{(k)} = F^{(k)} + η_+ψ^{(k)}_− − η_− ψ^{(k)}_+ − η_+η_− φ^{(k)}

= F^{(k)} � 1 − η_+η_− φ^{(k)} F^{(k)}

+ η_+ ψ^{(k)}_− F^{(k)}

− η_− ψ^{(k)}_+ F^{(k)} �

≡ F^{(k)} � 1 − η_+η_− φ̂^{(k)} + η_+ψ̂^{(k)}_− − η_− ψ̂^{(k)}_+ � , (B.2)

where we have used the notation

φ̂^{(k)} ≡ φ^{(k)} F^{(k)}

, ψ̂^{(k)}_± ≡ ψ^{(k)}_± F^{(k)}

. (B.3)

It is important not to confuse this notation with the one for the Weyl symbols introduced in section 2. Now eq. (B.2) can be written as

~Φ^{(k)} = F^{(k)}e^{−η} +^η−^{φ̂(k)} � 1 + η_+ψ̂^{(k)}_− − η_− ψ̂^{(k)}_+ � . (B.4)

Hence, the integral in eq. (4.7) can be expressed as

(−1)^{n−1} F^{(1)} · · · F^{(n)} � � d^2η_1 · · · � d^2η_{n−1} e^{η T+ D η −} +

+ n� i<j � d^2η_1 · · · � d^2η_{n−1} Ψ^{(i)}Ψ^{(j)} e^{η T+ D η −} � . (B.5)

Here we have used the vector notation (η_± )_i = η_{i,±} ,

Ψ^{(k)} = η_{k,+}ψ^{(k)}_+ − η_{k,−} ψ^{(k)}_− , k = 1, . . . , n − 1 ,

Ψ^{(n)} = � − n−1� i=1 η_{i,+} � ψ^{(n)}_+ − � − n−1� i=1 η_{i,−} � ψ^{(n)}_− , (B.6)

and D is a (n − 1) × (n − 1) matrix given by

D =

� � � � � � � �

−φ̂^{(1)} − φ̂^{(n) 1}_{2M} − φ̂^{(n)} · · ·^1_{2M} − φ̂^{(n)}

−^1_{2M} − φ̂^{(n)} −φ̂^{(2)} − φ̂^{(n)} · · ·^1_{2M} − φ̂^{(n)} . . . . . . −^1_{2M} − φ̂^{(n)} −^1_{2M} − φ̂^{(n)} · · · −φ̂^{(n−1)} − φ̂^{(n)}

� � � � � � � � . (B.7)

– 17 –

The first integral within the brackets in eq. (B.5) is equal to

det D = (−1)^{n−1}

� 1_2

−^1_2

dξ P_{n−1} � φ̂^{(1)} + ξ M , . . . , φ̂^{(n)} + ξ M �

= (−1)^{n−1} n� i=1 ∂ ∂φ̂^{(i)}

� 1_2

−^1_2 dξ � φ̂^{(1)} + ξ M � · · · � φ̂^{(n)} + ξ M � , (B.8)

where

P_k(x_1, . . . , x_n) = n� i_1<···<i_k

x_{i1} · · · x_{ik} (B.9)

are the elementary symmetric polynomials of degree k. The computation of the second integral in eq. (B.5), that we denote by ⟨Ψ^{(i)}Ψ^{(j)}⟩, is a bit more involved. In particular we have to keep in mind that, eventually, all the target space indices of the expression are going to be contracted with the symmetric quantity ∂_{i1} · · · ∂_{ik} W(0). Therefore in the calculation we only have to retain the symmetric part in the indices and, at the same time, we can simplify expressions by relabeling these indices. After a tedious calculation one arrives at the result � i<j ⟨Ψ^{(i)}Ψ^{(j)}⟩_S = (−1)^n n� i<j � ψ̂^{(i)}_+ ψ̂^{(j)}_− − ψ̂^{(i)}_− ψ̂^{(j)}_+ � ×

× ∂^2 ∂φ̂^{(i)}∂φ̂^{(j)}

� 1_2

−^1_2 dξ � φ̂^{(1)} + ξ M � · · · � φ̂^{(n)} + ξ M � , (B.10)

where the subscript S indicates that we have retained only the symmetric part. Plugging now (B.8) and (B.10) back into (B.5) and restoring the indices using (B.4) we arrive at eq. (4.9).

In the case of the antiholomorphic superpotential the calculations leading to (4.17) are simpler than the ones presented above. This is because σ̄^ı is independent of θ^± and then its Fourier transform is proportional to a fermionic delta function. This means that, for example, in a expression like ~ (K̄^{ı1} ⋆σ̄^{ı2} ⋆ · · · ⋆σ̄^{ın} )(ζ) = (−1)^{n−1} � d^2η_1 · · · � d^2η_{n−1} ×

× ~K̄^{ı1} (η_1)~σ̄^{ı2} (η_2) · · ·~σ̄^{ın} � ζ − n−1� i=1 η_i � ×

× exp � �1 2 n−1� k<j ⟨η_k, η_j ⟩ � � exp � − 1 2 n−1� i=1 ⟨ζ, η_i⟩ � . (B.11)

Hence, n − 1 integrations can be readily done and the whole integral is reduced to a single integration. In the case of the term containing ~λ̄_+^{i1} (η_1)~λ̄_−^{i2} (η_2), n − 2 integrations can be immediately done and one is left with the calculation of two fermionic integrals. Keeping the term proportional to ζ_+ζ_− and restricting to the symmetric part in the indices eliminates all dependence on the deformation scale M and the standard undeformed expression is obtained for W(Φ).

– 18 –

Finally we outline the calculation of the deformed Kähler potential. Again the terms σ̄^ı are mere spectators and the relevant monomials to compute are^6 ~ (Φ^{i1} ⋆ · · · ⋆ Φ^{in} ⋆ K̄^{ı1} )(ζ) � � ζ_± =0 , ~ (Φ^{i1} ⋆ · · · ⋆ Φ^{in} ⋆ λ̄_+^{ı1} ⋆ λ̄_−^{ı2} )(ζ) � � ζ_± =0

. (B.12)

Now we can apply the tricks used to calculate the holomorphic superpotential. As a matter of example we comment on the first kind of monomials where we can identify K̄^ı with an extra superfield. This reduces the problem to eq. (B.5) with n + 1 fields with the formal identifications

F^{(n+1)} ≡ 4∂_+∂_− φ^ı , φ^{(n+1)} ≡ F^ı , ψ^{(n+1)}_± ≡ ∓2i∂_± ψ_+^ı . (B.13)

The calculation now follows the one outlined for the holomorphic superpotential. For example, for the analog of the first term in (B.5) we find

(−1)^nF^{(1)} · · · F^{(n)}F^{(n+1)} � d^2η_1 · · · � d^2η_n e^{η T+D′η −} = (B.14) = n� i=1 F^{(i)} ∂ ∂φ^{(i)}

� 1_2

−^1_2 dξ � φ^{(1)} + ξ M F^{(1)} � · · · � φ^{(n)} + ξ M F^{(n)} � ×

× � φ^{(n+1)} + ξ M F^{(n+1)} � + F^{(n+1)}

� 1_2

−^1_2 dξ � φ^{(1)} + ξ M F^{(1)} � · · · � φ^{(n)} + ξ M F^{(n)} � , where by D^′ we have denoted the n × n analog of the matrix (B.7).

We see already here the origin of the higher dimensional terms in eq. (4.22). In the second line of (B.14) we find two terms, one proportional to φ^{(n+1)} = F^ı which will generate the term F^iF^ȷ in (4.21) and a second term proportional to F^{(n+1)} = 4∂_+∂_− φ^ı which is suppressed by 1/M and contains an extra power of ξ. This gives rise to the first term on the right-hand side or (4.22). On the other hand, the last line in eq. (B.14) is at the origin of the first term in eq. (4.21). Remember that eq. (B.14) is globally multiplied by φ^{ı2} · · · φ^{ın} .

The remaining terms of the Kähler potential come from the analog of the second term inside the bracket in eq. (B.5) and the ones coming from the second type of monomials in eq. (B.12). Again the calculations can be done mimicking the one for the superpotential.

C. The centrally extended superalgebra

In what follows we are going to discuss in more detail some aspects of the centrally extended supersymmetry algebra

Q^2_± = P_± , {Q_+, Q_− } = 1 M P_+P_− . (C.1)

In section 3 we found that, in euclidean space, this type of central extension appears in nonanticommutative deformations (3.1) of (2,2) supersymmetic sigma models. Here,

6These monomials multiply φ^{ı2} · · · φ^{ın} and φ^{ı3} · · · φ^{ın} respectively.

– 19 – however, we are going to forget about the restriction to euclidean space and play the game of studying the supersymmetry algebra (C.1) in lorentzian signature to discuss its consequence on the spectrum of a theory in Minkowski space in which this superalgebra would be realized.

Unitary representations of the two-dimensional Poincaré group are labelled by the value of the Casimir operator m ≡ P_+P_− . For m = 0 the algebra reduces itself to the ordinary (1,1) supersymmetry algebra. Therefore we focus our attention on the representations with m > 0. In the rest frame where P_± = m and after an obvious rescaling the algebra of supercharges can be written as

A^2 = 1 , B^2 = 1 , {A, B} = ξ1 , (C.2)

where A and B and hermitian operators and ξ = m/M.

The study of the unitary representations of the extended algebra (C.2) proceeds by transforming it into an algebra of fermionic creation-annihilation operators. These are defined by

a = αA + βB , a^† = α^∗A + β^∗B . (C.3)

The complex constants α, β are fixed by demanding a^2 = (a^†)^2 = 0 and {a, a^†} = 1. Fixing the overall phase ambiguity, one finds the solution α = e^{iγ} 2 sin(2γ)

, β = e^{−iγ} 2 sin(2γ)

, (C.4)

where γ is defined by ξ = −2 cos(2γ), which implies the BPS condition

|ξ| ≤ 2 =⇒ m ≤ 2M . (C.5)

Therefore unitary representations of the algebra exist provided the theory does not contain states with masses above the cutoff Λ = 2M given by eq. (C.5). Below this bound unitary irreducible representations contain two states, the fermionic vacuum |0⟩ and |1⟩ ≡ a^†|0⟩.

The previous analysis is valid whenever |ξ| < 2. When the BPS bound (C.5) is saturated (ξ = 2) the algebra reduces to A^2 = B^2 = 1, {A, B} = 2. Irreducible representations can then be constructed by defining the operators S_± = A ± B which satisfy

S^2_+ = 4 , S^2_− = 0 . (C.6)

Since S^†_± = S_± , states which are S_− -exact have zero norm and therefore should be removed from the spectrum to preserve unitarity. As a result, irreducible representations are onedimensional and correspond to the short multiplets of BPS-saturated states.

Here we have studied Hilbert space representations of the deformed algebra (C.1) in two-dimensional Minkowski space-time. A very important question to be answered is, however, whether two-dimensional quantum field theories exist in lorentzian signature in which this algebra of supercharges is realized. Our previous analysis shows that finding such theories would be extremely interesting since they would provide examples of quantum field theories with a built-in cutoff.

– 20 –

References

[1] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048];

R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207 [hep-th/0109162].

[2] N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory, JHEP 06 (2003) 010 [hep-th/0305248].

[3] A.C. Hirshfeld and P. Henselder, Deformation quantization for systems with fermions, Ann.

Phys. (NY) 302 (2002) 59;

A.C. Hirshfeld, P. Henselder and T. Spernat, Cliffordization, spin and fermionic star products, Ann. Phys. (NY) 314 (2004) 75 [quant-ph/0404168].

[4] D. Klemm, S. Penati and L. Tamassia, Non(anti)commutative superspace, Class. and Quant.

Grav. 20 (2003) 2905 [hep-th/0104190].

[5] S. Ferrara and M.A. Lledó, Some aspects of deformations of supersymmetric field theories, JHEP 05 (2000) 008 [hep-th/0002084];

S. Ferrara, M.A. Lledo and O. Maciá, Supersymmetry in noncommutative superspaces, JHEP 09 (2003) 068 [hep-th/0307039].

[6] S. Terashima and J.-T. Yee, Comments on noncommutative superspace, JHEP 12 (2003) 053 [hep-th/0306237].

[7] T. Araki, K. Ito and A. Ohtsuka, Supersymmetric gauge theories on noncommutative superspace, Phys. Lett. B 573 (2003) 209 [hep-th/0307076].

[8] H. Ooguri and C. Vafa, Gravity induced C-deformation, Adv. Theor. Math. Phys. 7 (2004) 405 [hep-th/0303063];

J. de Boer, P.A. Grassi and P. van Nieuwenhuizen, Non-commutative superspace from string theory, Phys. Lett. B 574 (2003) 98 [hep-th/0302078];

N. Berkovits and N. Seiberg, Superstrings in graviphoton background and N = 1/2 + 3/2 supersymmetry, JHEP 07 (2003) 010 [hep-th/0306226].

[9] R. Britto, B. Feng and S.-J. Rey, Non(anti)commutative superspace, UV/IR mixing and open wilson lines, JHEP 08 (2003) 001 [hep-th/0307091];

M.T. Grisaru, S. Penati and A. Romagnoni, Two-loop renormalization for nonanticommutative N = 1/2 supersymmetric wz model, JHEP 08 (2003) 003 [hep-th/0307099];

R. Britto and B. Feng, N = 1/2 Wess-Zumino model is renormalizable, Phys. Rev. Lett. 91 (2003) 201601 [hep-th/0307165];

A. Romagnoni, Renormalizability of N = 1/2 Wess-Zumino model in superspace, JHEP 10 (2003) 016 [hep-th/0307209];

O. Lunin and S.-J. Rey, Renormalizability of non(anti)commutative gauge theories with N = 1/2 supersymmetry, JHEP 09 (2003) 045 [hep-th/0307275]; D. Berenstein and S.-J. Rey, Wilsonian proof for renormalizability of N = 1/2 supersymmetric field theories, Phys. Rev. D 68 (2003) 121701 [hep-th/0308049]; M. Alishahiha, A. Ghodsi and N. Sadooghi, One-loop perturbative corrections to non(anti)commutativity parameter of N = 1/2 supersymmetric U(N) gauge theory, Nucl. Phys. B 691 (2004) 111 [hep-th/0309037];

– 21 –

A.T. Banin, I.L. Buchbinder and N.G. Pletnev, Chiral effective potential in N = 1/2 non-commutative Wess-Zumino model, JHEP 07 (2004) 011 [hep-th/0405063]; I. Jack, D.R.T. Jones and L.A. Worthy, One-loop renormalisation of N = 1/2 supersymmetric gauge theory, Phys. Lett. B 611 (2005) 199 [hep-th/0412009].

[10] R. Britto, B. Feng and S.-J. Rey, Deformed superspace, N = 1/2 supersymmetry and (non)renormalization theorems, JHEP 07 (2003) 067 [hep-th/0306215].

[11] E. Ivanov, O. Lechtenfeld and B. Zupnik, Nilpotent deformations of N = 2 superspace, JHEP 02 (2004) 012 [hep-th/0308012];

T. Araki and K. Ito, Singlet deformation and non(anti)commutative N = 2 supersymmetric U(1) gauge theory, Phys. Lett. B 595 (2004) 513 [hep-th/0404250]; S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, Non-anticommutative chiral singlet deformation of N = (1, 1) gauge theory, Nucl. Phys. B 704 (2005) 154 [hep-th/0405049];

S.V. Ketov and S. Sasaki, Non-anticommutative N = 2 supersymmetric SU(2) gauge theory, Phys. Lett. B 597 (2004) 105 [hep-th/0405278];

E. Ivanov, O. Lechtenfeld and B. Zupnik, Non-anticommutative deformation of N = (1, 1) hypermultiplets, Nucl. Phys. B 707 (2005) 69 [hep-th/0408146];

T. Araki, K. Ito and A. Ohtsuka, Deformed supersymmetry in non(anti)commutative N = 2 supersymmetric U(1) gauge theory, Phys. Lett. B 606 (2005) 202 [hep-th/0410203].

[12] S. Ferrara and E. Sokatchev, Non-anticommutative N = 2 super-Yang-Mills theory with singlet deformation, Phys. Lett. B 579 (2004) 226 [hep-th/0308021].

[13] A. Imaanpur, On instantons and zero modes of N = 1/2 SYM theory, JHEP 09 (2003) 077 [hep-th/0308171];

P.A. Grassi, R. Ricci and D. Robles-Llana, Instanton calculations for N = 1/2 super Yang-Mills theory, JHEP 07 (2004) 065 [hep-th/0311155];

R. Britto, B. Feng, O. Lunin and S.-J. Rey, U(N) instantons on N = 1/2 superspace: exact solution and geometry of moduli space, Phys. Rev. D 69 (2004) 126004 [hep-th/0311275]; P. Meessen and T. Ortin, Goedel spacetimes, abelian instantons, the graviphoton background and other flacuum solutions, Nucl. Phys. B 684 (2004) 235 [hep-th/0401005]; M. Billo, M. Frau, I. Pesando and A. Lerda, N = 1/2 gauge theory and its instanton moduli space from open strings in RR background, JHEP 05 (2004) 023 [hep-th/0402160].

[14] B. Chandrasekhar and A. Kumar, D = 2, N = 2, supersymmetric theories on non(anti)commutative superspace, JHEP 03 (2004) 013 [hep-th/0310137].

[15] B. Chandrasekhar, D = 2, N = 2 supersymmetric sigma models on non(anti)commutative superspace, Phys. Rev. D 70 (2004) 125003 [hep-th/0408184].

[16] O.D. Azorkina, A.T. Banin, I.L. Buchbinder and N.G. Pletnev, Generic chiral superfield model on nonanticommutative N = 1/2 superspace, hep-th/0502008.

[17] R. Haag, J.T. Łopuszański and M. Sohnius, All possible generators of supersymmetries of the s matrix, Nucl. Phys. B 88 (1975) 257.

[18] B. Zumino, Supersymmetry and kahler manifolds, Phys. Lett. B 87 (1979) 203.

[19] E. Witten and D.I. Olive, Supersymmetry algebras that include topological charges, Phys.

Lett. B 78 (1978) 97.

– 22 –

[20] L. Alvarez-Gaumé and D.Z. Freedman, Ricci-flat Kähler manifolds and supersymmetry, Phys.

Lett. B 87 (1979) 203;

B. Zumino, Supersymmetry and Kähler manifolds, Phys. Lett. B 87 (1979) 203; L. Alvarez-Gaumé and D.Z. Freedman, Kähler geometry and the renormalization of supersymmetric sigma models, Phys. Rev. D 22 (1980) 846; Geometrical structure and ultraviolet finiteness in the supersymmetric σ-model, Commun. Math. Phys. 80 (1981) 443.

[21] S.S. Gubser and S.L. Sondhi, Phase structure of non-commutative scalar field theories, Nucl.

Phys. B 605 (2001) 395 [hep-th/0006119];

J. Ambjørn and S. Catterall, Stripes from (noncommutative) stars, Phys. Lett. B 549 (2002) 253 [hep-lat/0209106].

[22] M. Chaichian and A. Kobakhidze, Deformed N = 1 supersymmetry, Phys. Rev. D 71 (2005) 047501 [hep-th/0307243];

V. Nazaryan and C.E. Carlson, Field theory in noncommutative minkowski superspace, Phys. Rev. D 71 (2005) 025019 [hep-th/0410056].

[23] T. Hatanaka, S.V. Ketov, Y. Kobayashi and S. Sasaki, Non-anti-commutative deformation of effective potentials in supersymmetric gauge theories, hep-th/0502026.

– 23 –